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Summary--This paper describes a mathematical model for the quantification of receptors 
based only upon the total bound values as a function of the total ligand concentration. In 
contrast to methods relying on linearization transformations, this nonlinear model requires 
more sophisticated computation, however, avoids loss of material for determination of 
nonspecific binding in competed tubes. Monte-Carlo simulation indicated high stability of this 
model against random experimental error. The androgen receptor of the male gerbil (Meriones 
unguiculatus) ventral prostate is characterized using the described nonlinear computation. 

INTRODUCTION 

Reversible associations between hormones and 
binding proteins or receptors are investigated in 
many basic endocrinological and clinical disci- 
plines[l]. Binding characteristics are usually 
determined by equilibrium saturation analysis, 
which provides the maximum binding capacity 
of  a binding protein and the strength of the 
binding reaction expressed by the equilibrium 
association constant. Assuming a binding pro- 
tein has a constant number of  binding sites, each 
capable of  an independent, reversible inter- 
action with a single ligand characterized by an 
association constant, the type of  binding is 
described as noninteracting or independent 
binding [2, 3]. The binding parameters of  this 
type of  binding may be calculated from equi- 
librium binding analysis data. However, the 
optimal data evaluation method for this type of  
data is still under discussion [4, 5]. We now 
present a computational method, which accord- 
ing to the law of  mass action calculates binding 
parameters from saturation data without the 
requirement of  linearization transformations. 
Thus the problems occurring with the Scatchard 
evaluation method of  parameter estimation are 
avoided, and lower sample sizes are required for 
performing saturation analysis. The results ob- 
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tained using this model with published data are 
compared to calculations using the Scatchard 
analysis and Monte-Carlo simulations. 

MATHEMATICAL MODEL 

Despite the widespread knowledge of  the 
mathematical model underlying the indepen- 
dent and reversible binding of a ligand to a 
binding site [2, 5], for the purpose of  reference 
and clarity we start the deduction of  our model 
from the law of  mass action. The relationship 
between a ligand L and a single kind of binding 
site B by a reversible association may be sym- 
bolized according to the law of  mass action as: 

ka 
B + L .  " BL (1) 

kd 

ka and ka represent the kinetic association and 
dissociation constants, respectively, of the 
ligand-receptor complex. The equilibrium 
association constant K is given by the ratio of  
these constants. 

K ka [BL] (2) 
kd [B]. [L] 

where [B].[L] and [BL] are the concentrations 
of  unoccupied binding sites [B], sites 
occupied by the ligand [BE] and the free ligand 
[L] at equilibrium. 

Under experimental conditions, it is usually 
not possible to measure the concentration of  
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unoccupied binding sites as well as the concen- 
tration of free ligand. Substituting 

[B] = 

[L] = 

where B0 is the total 
available and L0 is the 
ligand, into equation (2) results in: 

[BL] 
K. [L] = (5) 

[B0] - [BL]  

K. [L]. [Bo] - K. [L] • [BE] -- [BE] (6) 

[Bol-[BL] (3) 

[Lo]-[BL], (4) 

number of binding sites 
total concentration of the 

K.[LI.[Bol=[BL]+K.[L].[BL] 

= [BL] . ( I+K. [L] )  (7) 

K'[L]-[Bo] 
[BE]= (8) 

I + K . [ L ]  

K-[Bo]. ([Lo] - [BL]) 
[BL] = 1 + K'([Lo] - [BL])" (9) 

sum of specifically and nonspecifically bound 
ligand. 

[TL] = [BL] + [NL]. (1 l) 

Substituting the specifically bound ligand con- 
centration [BL] in (4) and, consequently also in 
(9), by total bound ligand concentration [TL] 
and adding the nonspecifically bound ligand 
term (10) results in equation (12). 

K. [Bo]. ([Lo] - [TL]) 
[TL]= + m "[Lo]. (12) 

1 + K .  ([L0] - [TL])  

Equation (12) corresponds to a model of the 
binding reaction that according to the law of 
mass action allows us to calculate the binding 
parameters K and [B0] together with the non- 
specific binding in terms of the slope m from 
total ligand bound [TL] and total ligand added 
[L0], which are easily available in standard 
experimental designs. After separation of the 
variables [TL] and [L0], this quadratic equation 
results in (13). 

[TL] -x/I+2a+a2+(2K-2mK-2aK+2amK)'L°+(K2-2rnK2+m2K2)'L:°+I+a+KL°+mKL° 

Equation (9) describes the binding of a ligand to 
a binding site in terms of the total amount of 
ligand [L0], the total number of binding sites 
[B0] and the association constant K. From 
equation (9) various transformations lead to 
Scatchard, Michaelis-Menten or Lineweaver- 
Burk relations. 

Under experimental conditions additional 
nonspecific binding of the ligand to other bind- 
ing sites occurs, which is also subject to the law 
of mass action. Consequently, the nonspecific 
binding could be described by adding a second 
term similar to equation (9), which differs in 
parameters for K and B0. However, nonspecific 
binding is usually much weaker than specific 
binding. Therefore, in the range investigated in 
saturation analysis nonspecific binding may well 
be approximated by a straight line through the 
origin. 

[NL] = m • [L0]. (10) 

Equation (10) describes the concentration of 
nonspecific bound ligand [NL] as a function of 
the slope of the straight line (m) and the total 
amount of ligand available [L0]. The total 
amount of ligand bound by specific as well as 
nonspecific binding sites, which is usually 
measured during experiments, is given as the 

2K 
(13) 

where a=K'[B0]. Equation (13) can not be 
solved with standard mathematical methods to 
estimate binding constants and nonspecific 
binding. However, nonlinear regression calcu- 
lation of this function with the Marquard- 
Levenberg algorithm [6] provides binding con- 
stants together with estimates of precision of 
the parameters which are useful for means of 
quality control. 

RESULTS 

Monte-Carlo Simulation 

The technique of Monte-Carlo simulation 
enables one to verify the parameter estimates. 
To compare the nonlinear analysis with the 
Scatchard analysis we used data [7], which were 
generated utilizing known values of the par- 
ameters in the specific model. Assuming that 
there is random normal error associated with 
the measurement of the bound ligand, these 
artificial data were repeatedly modified by ad- 
dition of a normally distributed error term with 
a mean of zero and a standard deviation of 10% 
of the expected bound ligand concentration 
during the execution of the program. In the case 
of the Scatchard analysis, the nonspecifically 
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even worse in this respect and therefore are used 
much less in receptor biochemistry. 

A number of more refined approaches have 
therefore been developed especially by Rodbard 
et  al. [5, 13, 14] and others [4, 12], which prob- 
ably due to the required computational power 
have not been very successful in the laboratory 
until now. However, the use of modern desktop 
computers permits one to avoid these over- 
simplifications by using correct mathematical 
methods for the evaluation of binding data for 
the identification of binding parameters in 
receptor studies. 

The approach presented here allows us to 
omit the determination of nonspecific binding, 
since the receptor parameters are calculated 
from total binding as the dependent variable 
and the ligand concentration as the independent 
variable. These concentrations can usually be 
measured or are known precisely. Therefore 
more data points of total binding can be ob- 
tained from a given amount of tissue and the 
binding parameters can consequently be calcu- 
lated more reliably. Furthermore, the use of 
untransformed raw data avoids the simplifica- 
tions imposed by the Scatchard-plot method. 
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A versatile computer program is currently available for 
calculation of binding parameters from raw data. Different 
approaches like Scatchard, Lineweaver-Burk and Hyperline 
have been implemented together with Hill-evaluation of 
cooperativity: all results are presented graphically for 
printout. At present, the program can be obtained for the 
ATARI-1040 computer series from the authors. 
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Nonl inea r  quant i f ica t ion  of  l igand/ recep tor  b ind ing  

Table 1. Comparison of results from Monte-Carlo simulation 

Scatchard Hyperline 

True 1.81 1.81 k d ( 1 0  9 mol/l) 
1.11 1.11 R 0 (10 -1° l/mol) 
0.007 0.007 m (Slope of NB) 

Estimated 1.47 + 0.35 1.73 + 0.43 ka (+_SD, n = 50) 
1.24+0.17 1.13+0.16 R 0 (__.SD, n =50) 
0.007 0.007 _+ 0.001 m (+  SD, n = 50) 

% Bias - 18.3 -5 .0  k a 
+ 10.5 +2.0 R 0 

-5 .0  m 

Results from Monte-Carlo simulation of 50 experiments using 
generated data and 10% normally distributed random error. 
Indicated are the initial "true" parameter values, the mean and 
standard deviation of estimated parameters after 50 simulated 
experiments and percent deviation of parameter estimates from 
the initial values. 

bound ligand was calculated using the same 
procedure also with a 10% error level. 

After performing 50 simulated experiments, 
the deviation from the known true parameter 
values was compared (Table 1). Although the 
same number of data points were used in both 
simulation runs, the percent bias in the Hyper- 
line was less as compared to the Scatchard 
method. Furthermore, a subsequent Hill- 
analysis [3] was performed using the results of  
Scatchard and Hyperline evaluation, respect- 
ively. With these data [7], the Hill coefficient 
calculated from Scatchard analysis deviated 
from unity (h =0.72), whereas the Hill co- 
efficient calculated from Hyperline analysis was 
0.995. Since both calculations, Scatchard and 
Hyperline, are based upon the assumption of 
the existence of a single and noninteracting 
binding site, the significant deviation from unity 
occurring with Scatchard analysis may be an 
indication of an incorrect measurement of 
nonspecific binding, which is not required for 
Hyperline calculation. 

Androgen binding in the gerbil ventral prostate 

After homogenization and ultracentrifuga- 
tion (130,000g, 4°C) of the tissue in Tris-HCl 
buffer [8] a saturation analysis was performed 
using 9 concentration steps between 0.3 and 
12.2 nM 3H-labelled Mibolerone (Amersham). 
After 24h incubation at I°C the steady state 
is reached and the bound steroid was separated 
on LH-20 minicolumns. The radioactivity was 
counted in a liquid scintillation counter (Beck- 
man, 47% counting efficacy). This results in a 
total binding curve of labelled steroid, which is 
sufficient for evaluation using the Hyperline 
method. 

The mean androgen receptor concentration 
was 21.1 + 5.4 (pmol/mg wet weight, mean + 
SEM, n = 8), the mean association constant was 
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Fig. 1. Typical  example  of  a sa tu ra t ion  exper iment .  The ( Q )  
indica te  the measured  to ta l  bound  l igand.  The (©)  show 
the ca lcula ted  specific b ind ing  to the pros ta te  androgen  
receptor  as ca lcula ted  f rom the to ta l  bound  values.  

Ro = 15.8 p m o l / m g  wet weight;  k ,  = 5.9 x l0  s l /mol.  

0.72 + 0.2 x 109 l/mol (mean + SEM, n = 8), 
which is in the range reported by others for 
human[9] or mouse[10] prostate cytosolic 
androgen receptors. Figure I shows a typical 
saturation curve. The standard deviation of the 
parameter estimates as calculated by the non- 
linear regression method, which can be used for 
control of  assay performance, was in the range 
of 18-76% for the association constant and 
20-77% for the receptor concentration. 

D I S C U S S I O N  

Receptor studies in clinical and biological 
research are commonly used for a wide range of 
applications. The determination of receptor, 
association constants and concentrations using 
equilibrium techniques such as saturation assays 
with increasing amounts of radioligand added 
to a constant volume of cytosol are routine in 
receptor studies. Serious drawbacks are met 
from two aspects in this approach. First, in most 
cases only a very limited amount of tissue is 
available for receptor analysis. This resulted in 
the application of so-called "one point" as- 
says [11], where only a little reliable information 
can be obtained. The second problem concerns 
the kind of evaluation method to be used for 
calculation of receptor characteristics. Most 
commonly, the Scatchard-plot is used despite its 
serious disadvantages. These include: its high 
sensitivity with respect to data scattering, being 
a relation between two dependent variables, 
which is unsuited for linear regression, and its 
unequal weighting of data points[4, 12, 13]. 
Other linearization transformations like the 
Lineweaver-Burk plot or graphical methods are 


